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A generalized approach to obtain two-dimensional maps of
spatial particle coordinates and their derivatives with respect to
time by PFG-NMR employing multiple gradient pulses is pre-
sented. A sequence of n magnetic field gradient pulses makes it
possible, after independent stepping of each pulse and subsequent
Fourier transformation, to plot the spin density distribution in
coordinate space at n times and along the respective directions of
the gradient pulses. In particular, two gradient pulses of effective
area k1 and k2 separated by a time interval D lead to a plot of the
combined two-time probability density, W2(r1, 0; r2, D), to find a

article at a coordinate r1 at t 5 0 and at r2 at t 5 D. A
conventional experiment for measuring transport properties by
simultaneous stepping of the gradients under the condition k1 5
2k2 is equivalent to a projection onto the secondary diagonal in
the [r1, r2] plot. The main diagonal represents an average position
between the two timepoints t 5 0 and t 5 D, so that a rotation of
he coordinate plot by an angle of 45° allows one to correlate the
isplacement R 5 r2 2 r1 with the averaged position r parallel to

the gradient direction. While an average velocity during the time
interval D can be defined as v#v# 5 R/D, an extension toward
acceleration and higher order derivatives is straightforward by
modification of the pulse sequence. We discuss this concept by
application to flow through a circular and a narrowing pipe (con-
fusor), respectively, the experimental results of which are com-
pared to numerical simulations. © 2000 Academic Press

Key Words: flow; position encoding; two-dimensional maps;
correlation of motion; exchange spectroscopy.

INTRODUCTION

In recent years, NMR investigations of transport proce
have attracted considerable interest. Applications range
the monitoring of laminar and turbulent flow through sim
geometries (1–4) to the characterization of flow in rando

rtificial, or natural porous systems (5–14). The technique
developed so far have mainly focused either on a pu
statistical description of the fluid dispersion by obtaining
probability density of displacements, or propagator (15), aver-
aged over a certain portion of the sample or on combi
velocity encoding with imaging sequences to map ave
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velocities with spatial resolution. More recently, these b
experiments have been extended to allow an analysis o
relations between displacements in different direct
(16–20) or at successive times (17, 21, 22). In particular, the
velocity exchange spectroscopy (VEXSY) concept (23) has
been designed to visualize either the change of one ve
component between two separated time intervals or the
placement correlation function with respect to two succes
time intervals (24). In this work, we introduce a PFG sequen
the purpose of which is to demonstrate positional chang
different times, and compare information derived from th
measurements to results obtained by employing the VE
experiment. Both methods, and extensions thereof, are
preted in terms of two-dimensional experiments to corre
averaged parameters of motion at successive times with
other and with their respective time derivatives.

THEORETICAL BACKGROUND

The principle of NMR imaging by phase encoding, and
NMR methods for determining transport processes suc
coherent flow and random self-diffusion, is given by a sp
encoding of the positions of spin-bearing particles by impo
a space dependence of the magnetic field strength. If this
dependence is brought about by short magnetic field gra
pulses, during which particle motion can be neglected, the
spin density along the direction of the gradients at the tim
their application can be obtained. Intensity and phase o
signal after a pulse sequence including a single gradient p
G1, are related to the spin densityP(r 1) by

S~k 1! 5 E P~r 1!e
i2pk1r 1 dr 1, [1]

wherek 1 5 (2p)21gdG1 is the effective wave vector of th
gradient of durationd, andg is the gyromagnetic ratio.

The spin densityP(r 1) along the direction ofr 1 can thus b
obtained by stepping along thek 1 axis followed by Fourie
1090-7807/00 $35.00
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170 HAN, STAPF, AND BLÜMICH
transformation with respect tok 1. The resolution is limited b
the number of steps and by broadening due to motion occu
during the presence of the gradient pulse,d, which can be
approximated bŷr 2& 1/ 2 5 =2Dd for pure self-diffusion with

diffusion coefficientD, and byvmaxd for flow with a maxi-
mum velocityvmax.

FIG. 1. (a) Spin-echo pulse sequence to encode positions at two
(POXSY). Both gradients of wave vectork 1 andk 2 are stepped independen

f each other. (b) Spin-echo pulse sequence to encode displacements
imes (VEXSY). Both gradient pairs of wave vectorq1 5 (k 2 2 k 1)/2 andq2 5
(k 4 2 k 3)/2 are stepped independently of each other.

FIG. 2. Two-dimensional coordinate system for encoding by
pulsed gradients, [k 1, k 2], and its Fourier conjugate in position space,r 1,

2]. (a) The secondary diagonals are sampled by stepping the gra
ccording to the conditionk 1 5 2k 2. The curves shown representq-space

and vv-space data, respectively, for the example of unrestricted self-
sion. (b) The main diagonals are sampled for stepping the grad
according to the conditionk 1 5 k 2. The curves shown representk-space
and r -space data, respectively, for the example of a water-filled c
drical pipe.
ng

A second pulse of identical intensity but possessing
opposite effective direction and being applied after a
interval D allows the determination of the distribution
displacements relative to the starting position of each
Formally, this corresponds to performing two space-enco
experiments which are linked to each other by the cond
k 1 5 2k 2,

S~q! 5 EE P~r 1! P~r 1ur 2, D!ei2pq~r22r 1! dr 1 dr 2

5 E P~R!ei2pqRdR, [2]

whereR 5 r 2 2 r 1 is the displacement duringD and its Fourie
conjugate is denoted byq in accordance with the literatu
(25). P(r 1) is the probability density for starting positions

es

two

nts

-
ts

-

FIG. 3. Definition of q space in terms of the position exchange ex
iment (POXSY). (a) Initial and final positions are encoded byk 1 andk 2 in
the narrow gradient pulse approximation. The transformation to a co
nate system where the difference wave numberq defines one of the ax
corresponds to a right-handed 45° rotation of the coordinate system
perpendicular variable is proportional to the wave numberk, which en-
codes position. (b) Two-dimensional Fourier transformation of su
position-exchange data set produces the displacement coordinateR in a
coordinate frame rotated by 45° on one axis and the averaged pos
coordinater on the other axis.

FIG. 4. Definition ofe space in terms of the velocity exchange experim
(VEXSY). (a) Initial and final velocities are encoded byq1 and q2 in the
approximation of shortD. The transformation to a coordinate system where
difference wave numbere defines one of the axes corresponds to a r
handed 45° rotation of the coordinate system. The perpendicular varia
proportional to the wave numberq, which encodes displacement. (b) Tw
dimensional Fourier transformation of such a velocity-exchange data se
duces the acceleration coordinatea in a coordinate frame rotated by 45° on o
axis and the averaged velocity coordinatevv on the other axis.
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171TWO-DIMENSIONAL PFG NMR
t 5 0, while P(r 1ur 2, D) is the conditional probability fo
isplacements fromr 1 to r 2 in time D (25). Under thes

conditions, the information about the starting positions is
and only the distribution of displacements along the axis o
applied magnetic field gradients is retained. This so-c
propagatorP(R) can be obtained directly by Fourier transf
mation ofS(q) with respect toq.

However, the same experiment may also be performed
both gradients being varied independently of each other. In
1a, one possible realization of this experiment is shown.
pending on parameters such as field homogeneity and
ation times, either a gradient echo, spin echo, or stimu
echo variant can be chosen. Because the pulse sequenc
tains two pulsed gradientsG1 andG2, with G1 parallel toG2 in
this case, corresponding to the wave vectorsk 1 and k 2, a
oordinate system defined byk 1 andk 2 can be introduced. Th

k-space intensity plot is now defined in the general way

FIG. 5. Dimensions of the sample cell for experiments on flow throu
narrowing pipe. Streamlines are drawn schematically. The long bar (23
represents the sensitive volume of the resonator coil.

FIG. 6. Flow of water atv z 5 6 cm/s through a circular pipe of 4.8 m
st
e
d
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S~k 1, k 2! 5 EE P~r 1! P~r 1ur 2, D!ei2pk1r 1ei2pk2r 2 dr 1 dr 2

5 EE W2~r 1, 0; r 2, D!ei2pk1r 1ei2pk2r 2 dr 1 dr 2.

[3]

Here we have renamed the Fourier conjugate of thek-space
intensity function,P(r 1) P(r 1ur 2, D), as the two-time probab-
ity densityW2(r 1, 0; r 2, D) to find a particle at positionr 1 at
t 5 0 and at positionr 2 at t 5 D. This generalized approa
allows one to map the change of position of particles betw
t 5 0 andt 5 D, and therefore shall be denoted by the t
position exchangespectroscopy (POXSY). Note that due to th
phase-encoding scheme, the chemical information of the
is kept in principle and allows the spectral analysis of m
component systems simultaneously, thereby supplying a
ditional dimension to the experiment.

The displacement spectrum obtained from a one-dim
sional PFG experiment is still contained in the result of the
POXSY plot. The conditionk 1 5 2k 2 is equivalent to
stepping along the secondary diagonal in the [k 1, k 2] space. In
the Fourier conjugate space, the displacement spectru
described by a projection onto the secondary diagonal,r 2 2 r 1.
Given that the quotient of the displacementR and the evolutio
time D defines an average velocityv#, the secondary diagon
can also be understood as a velocity axis (see Fig. 2a). O

a
m)

inner diameter. Velocities during the first and second interval are show

ation,
m
v z,1 andv z,2 axis, respectively. (a) Two-dimensional VEXSY experiment,D 5 23.5 ms,tm 5 60 ms. (b) Simulation, same parameters as in (a). (c) Simul
same parameters as in (b) excepttm 5 300 ms.
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172 HAN, STAPF, AND BLÜMICH
other hand, application of two gradient pulses of iden
effective wave vectors,k 1 5 k 2, corresponds to an encoding
the average position between both times,t 5 0 and t 5 D,

hich is drawn along the [r 1, r 2] main diagonal (see Fig. 2b
Because of this interpretation of the diagonals in the
dimensional position space, a 45° rotation of the coord
system in the mathematically positive sense provides the
relation between position and velocity (26, 27) as schemat
cally sketched in Fig. 3. Note that for a direct compariso
dimensions, the axes are transformed according toR* 5 (r 2 2
r 1)/=2 and r * 5 (r 1 1 r 2)/=2, respectively (26).

The scheme can be extended one step further from exc
n k space to exchange inq space. The pulse sequence n
onsists of twopairs of gradient pulses,k 1 5 2k 2 andk 3 5

2k 4, encoding displacements during a time intervalD and
being separated by a mixing timetm (see Fig. 1b). ForD values
short compared to the characteristic velocity fluctuation t
in the system, each gradient pair measures the molecul
locity distribution, and the sequence is identical to thevelocity
exchangespectroscopy (VEXSY) experiment which was pr
sented by Callaghan and Manz (23). In full analogy to the cas
described above, and renaming the wave vectors asq1 5 (k 2 2

1)/2 andq2 5 (k 4 2 k 3)/2, one obtains a two-dimensional [q1,
q2] space and its Fourier conjugate, the [R1, R2] space o

FIG. 7. (a) Projection onto the secondary diagonal for the experime
but for simulated data. (c) Projection onto the main diagonal for the exp

s in (c) but for simulated data.
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displacements which is equivalent to the average velocitiev1,
v2] for equal encoding timesD between both gradient pairs

S~q1, q2! 5EEP~R1! P~R1uR2, tm!ei2pq1R1ei2pq2R2 dR1 dR2

5 EEW2~R1, 0; R2, tm!ei2pq1R1ei2pq2R2 dR1 dR2

5 EEW2~v1, 0; v2, tm!ei2pqv,1v1ei2pqv,2v2 dv1 dv2.

[4]

Here, we have replacedq i by qv,i 5 q iD (26) to allow a direc
representation of velocities, andW2(v1, 0; v2, tm) now de-
scribes the two-time probability density to find a particle w
velocity v1 at t 5 0 and with velocityv2 at t 5 tm, where both
“time points” are given by averaging over the encoding timD.

Again, the diagonals can be interpreted in a similar wa
hat in the positional exchange experiment. The main diag
n qv space, given byqv,1 5 qv,2, encodes the average veloc
distribution during the mixing timetm. The secondary diag-

l data of Fig. 6a, representing the distribution of accelerations,P(az). (b) As in (a)
ental data of Fig. 6a, representing the distribution of average velocities,P(v z). (d)
nta
erim
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173TWO-DIMENSIONAL PFG NMR
nal, on the other hand, fulfilling the conditionqv,1 5 2qv,2,
corresponds to the one-dimensional double PGSE exper
of Callaghanet al. (24) and probes velocity changes. If t
position of a particle is expanded into a Taylor series,

r ~t! 5 r 1 vt 1
1

2
at 2 1 · · · , [5]

ne can likewise denote the phase shift as a function o
agnetic field gradient by (28)

f 5 f0 1
kr
2p

1
qvv
2p

1
ea
2p

1 · · · , [6]

which defines the Fourier conjugate to acceleration,e (26, 27). It
s this variable which is plotted along the secondary diagon

On the other hand, the main diagonal of the matrixW2(v1, 0;
v2, tm) now represents the velocity averaged overtm, and the
econdary diagonal the distribution of velocity changes, w
n the finite difference approximation defines a distributio
ccelerations,P(a) with a 5 (v2 2 v1)/D. A 45° rotation of the

coordinate system now provides the correlation between
locity and acceleration (26, 27) (see Fig. 4).

FIG. 8. Position exchange spectroscopy (POXSY) experiment for flo
Two-dimensional position plot from experimental data forD 5 17 ms and (b)
ent

he

h
f

e-

EXPERIMENTS AND SIMULATIONS

All experiments were performed using a Bruker 300 M
DMX spectrometer with a horizontal bore magnet of 200
accessible diameter, employing the pulse sequences sho
Fig. 1. The intensity of the gradient pulses and the gra
pulse pairs, respectively, was varied in 1513 151 steps cov
ering the range6k i ,max and 6q i ,max. The signal was accum-
lated using a four-phase cycle, resulting in total duration
the experiments of typically 7 h.

The behavior of fluid under laminar flow conditions w
investigated using water (doped with CuSO4 to reduceT1 to
the range of 100–200 ms) flowing in a hydraulically smo
PMMA (polymethylmethacrylate) pipe of 4.8 mm inner dia
eter. The length of the inlet was about 50 cm to esta
stationary flow conditions. A constant volume flow rate in
rate 50–150 ml/min, corresponding to average flow veloc
of 5 to 15 cm/s, was maintained using an Ismatec Reg
pump (Ismatec Laboratoriumstechnik GmbH, Werthe
Mondfeld, Germany).

The experimental setup to measure the flow of water thr
a narrowing pipe (confusor) is shown schematically in Fig
To allow for shorter repetition times and a higher resolu
necessary for performing a POXSY-type experiment, the
laxation timeT1 has been reduced by adding CuSO4 to abou
50 ms. An Ismatec BVP-Z pump was employed to mainta
constant volume flow rate of 170 ml/min, corresponding t

f water through a narrowing pipe (confusor) of inner diameters 5.1 to 3
s. (c) Same as (a) but for simulated data. (d) Same as (b) but for simula
w o
32 m
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174 HAN, STAPF, AND BLÜMICH
average flow velocity of 14 cm/s in the wide region of the p
and 30 cm/s in the narrow region. In the POXSY experim
D was varied between 17 and 32 ms. To obtain the vel
exchange spectrum (VEXSY),D was fixed to 3.0 ms andtm

was varied in the range 17 to 43 ms.
To achieve a qualitative understanding of the experim

results, numerical simulations were performed for the ca
flow through a straight, cylindrical pipe and through a confu
with geometrical conditions matching those in the experim
tal setup. Typically 106 particles were allowed to undergo flo
assuming laminar conditions throughout the sample geom
while radial and axial self-diffusion steps were introduced
each evolution interval. The velocity distribution in the con
the second sets of simulations was obtained by mappin
parabolic velocity profile onto the local pipe diameter,
edge effects such as the development of vortices wer
considered. Particles leaving the “field of view,” which w
adjusted to the true conditions in the resonator, were rem
from the statistics.

RESULTS AND DISCUSSION

Laminar flow conditions are observed for Newtonian flu
in straight cylindrical pipes in the case of low velocities. T

FIG. 9. (a) Projection onto the secondary diagonal for the experim
imulated data. (c) Projection onto the main diagonal for the experimenta

of the applied magnetic field gradient pulses. (d) As in (c) but for simul
e
t,
ty
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r
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d
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transition from laminar to turbulent flow is characterized by
Reynolds number which is defined as the ratio of inertial
viscous forces,

Re5
v# L

n
, [7]

wherev# is the average velocity magnitude,n is the kinemati
viscosity of the fluid, andL denotes some characteristic len
cale in the system such as the tube diameter. Below a c
eynolds number of Rec ' 2300 (29), laminar flow is observe

n the presence of hydraulically smooth walls. If self-diffus
s neglected, the velocity of a fluid particle is a function o
adial distancer from the center of the pipe of radiusr 0,

v~r ! 5 vmaxF1 2 S r

r 0
D 2G , [8]

wherevmax 5 2v#. This parabolic dependence can be visual
by appropriate combinations of velocity-encoding and ima
techniques (see, e.g., (30, 31)). The probability density to fin
a particle with a certain velocityv is then given by an integr
of v(r ) over the sample volume. This distribution function

al data of Fig. 8, representing the distribution of velocities. (b) As in (
ta of Fig. 8, representing the distribution of average positions parallel to the direction

d data.
ent
l da
ate
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175TWO-DIMENSIONAL PFG NMR
equivalent to the probability density of displacements,
so-called propagator (15), and possesses a box-like shape
weenR 5 0 andR 5 vmaxD. Random self-diffusion duringD
leads to a mixing of particles between streamlines so tha
box-like shape eventually evolves over time as the diffu
length becomes comparable to the pipe dimensions (32). Under
turbulent conditions, the propagator deviates from a recta
lar shape, and the probability increases to find particles
high velocities (31).

To demonstrate the feasibility of performing exchange
eriments on laminar flow, the Reynolds number for flow
ater in a cylindrical pipe has been chosen to be in the r
40 to 720 to remain well below the laminar/turbulent tra

ion at Rec ' 2300. The VEXSY scheme allows one to co-
late velocity components in two encoding intervals sepa
by a mixing timetm. One example for the two-time probabil
density functionW2(v z,1, 0; v z,2, tm) is shown in Fig. 6afor

5 23.5 ms,tm 5 60 ms, with an average velocityv z 5 6
cm/s along the flow axis corresponding to Re5 290. The
experimental data are compared to simulated particle dis
tion plots in Fig. 6b. For the chosen parameters, Taylor
persion is still negligible and the experimentally obtained p
agator is of apparently perfect box-shape. However,
fivefold increased mixing time (tm 5 300 ms) (see Fig. 6c),

FIG. 10. (a) Average velocity as a function of the average position
position ^z2& as a function of starting positionz1 (experimental data). (d) A
e
-

he
n

u-
th

-
f
ge
i-

d

u-
s-
-
a

can be seen that the largest contributions to exchang
observed at the lowest velocities. In this region near the
wall, the velocity gradient­v z/­r is largest and a given rad
displacement due to self-diffusion leads to a maximum ch
in velocities. Projections onto the secondary and the
diagonal, respectively, reproduce the distribution of ave
acceleration (Figs. 7a and 7b) and average velocity (Fig
and 7d) in analogy to an equivalent one-dimensional ex
ment withqz,1, qz,2 being varied simultaneously.

The experimental distribution of accelerations,P(az), is in
agreement with the simulated data; however, the experim
data suffer from a somewhat limited resolution. It can be see
for increasing times, the average acceleration decreases, w
due to the fact that the velocity changeDvz due to self-diffusion
scales witht1/2 while the acceleration scales withDvzt

21.
The distribution of average velocities, which is plotted al

the main diagonal in the [v z,1, v z,2] space, is characterized
principle by a constant between 0 andvmax. The decrease
intensity toward large velocities is due to the fraction of
ticles which have left the sensitive volume of the reson
during the mixing time (see Fig. 7c). This effect has b
considered in the simulations, where a sensitive volume
mm length has been set in accordance with results from
dimensional spin-density profiles taken along the directio

e confusor (experimental data). (b) As in (a) but for simulated data. (c
(c) but for simulated data.
in th
s in
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176 HAN, STAPF, AND BLÜMICH
the coil. In Fig. 7d, this outflow effect becomes much m
pronounced fortm 5 300 ms where the average displacem
is already 1.8 cm.

As an appropriate test sample for performing a POX
experiment, the purpose of which is to correlate particle p
tions at two successive times with each other and to prov
link between the velocity and the position of a particle,
have chosen a glass confusor, consisting of long cylind
portions of 5.1 and 3.5 mm inner diameters, respectively
either side that are joined by a narrowing conical sec
located completely within the sensitive volume of the reson
coil (see Fig. 5). Particle velocities will then be largest in
narrow cylindrical part, with intermediate values found in
transition region. The result of a POXSY experiment with

FIG. 11. Velocity exchange spectroscopy (VEXSY) experiment for fl
wo-dimensional velocity plot for experimental data with (a)tm 5 17 ms, (b
e
t

Y
i-
a

e
al
n
n
or
e

gradient pulses in the directionz of the flow axis steppe
independently is shown in Figs. 8a and 8b for two diffe
encoding timesD of 17 and 32 ms. The flow rate of 170 ml/m
corresponds to average velocities of 14 cm/s in the wide re
and 30 cm/s in the narrow region of the confusor; the Reyn
numbers in these sections are 710 and 1050. The results
reasonably well with the simulated data (see Figs. 8c and
the main difference being a more pronounced main diag
z1 5 z2 representing static spins.

The plots of the functionW2( z1, 0; z2, D) presented in Fig
8 can be understood as follows: the wider part of the sam
located in the lower left corner of the plot and is indicated
a higher number of spins because the signal is obtained fro
integration of the spin density over the cross section o

of water through a narrowing pipe (confusor) of inner diameters 5.1 to
2 ms, and (c) 43 ms. (d–f) As in (a–c) but for simulated data.
ow
) 3
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177TWO-DIMENSIONAL PFG NMR
pipe. Here, the spread in the direction along the secon
diagonal is less pronounced, because particles in this r
possess smaller velocities on average and the change in
tion during the given intervalD is smaller than that in th

arrow region of the sample. A larger spread in the na
ortion of the sample is prevented by the outflow effect.
Projections onto the secondary and the main diagona

resented in Figs. 9a–9d. The distribution of averaged ve
ies (see Figs. 9a and 9b) is described by a decreasing p
ility of finding large velocities. This observation becom
ore pronounced for largerD. While a smaller number o

particles is contained in the narrow cylindrical portion of
confusor, these are also more likely to leave the volume o
resonator. The same effect affects the determination o
average position along the flow direction (see Figs. 9c and
In the absence of outflow, the main diagonal would repres
profile over the sample smeared by flow during the intervaD.
As was discussed above, the projections shown in Fig.
identical to the results of corresponding 1-d PFG experim
employing pairs of gradients of opposite and equal sign
spectively.

The two-dimensional data set can now be employe
compute two different kinds of correlations. First, as outli
under Theoretical Background, the average positiondifference
for each average position can be calculated in order to pr

FIG. 12. (a) Projection onto the secondary diagonal for the experim
(a) but for simulated data. (c) Projection onto the main diagonal for the
in (c) but for simulated data.
ry
ion
osi-

w

re
i-

ba-
s

e
he
).
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ts
e-

to
d
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a correlation between position and velocity. This is done
determining the weighted mean value ofz2 2 z1 for any given
^z& 5 1

2 ( z1 1 z2). The result is shown in Figs. 10a and 1
In general, large (average) positions are linked to larger v
ities, because they correspond to particles in the narrow p
the tube. Particles which remain near the right edge o
sample, and consequentially have large average positions
necessarily possess smaller velocities or do not contribu
the signal att 5 D anymore, which determine the gene
hape of the position/velocity correlation function.
On the other hand, returning to the main axes coord

ystem, the average ofz2 can be computed for any starti
position z1. In this case, one expects the difference betw
^z2& andz1 to be given by the product of average flow velo
and encoding time,D. This is indeed the case as can be see
Figs. 10c and 10d.

For all data discussed above, the agreement between
iment and simulation is mostly qualitative only. However
the interpretation of the POXSY experiment, some obv
restrictions must be considered. First, the change in po
during D must be small compared to the sample size if
averaged position duringD, which is obtained from the pr
jection onto the main diagonal, shall still bear a resemblan
the profile of the sample. On the other hand, small disp
ments duringD necessitate sufficient resolution ink space

l data of Fig. 11, representing the distribution of accelerations duringtm. (b) As in
erimental data of Fig. 11, representing the distribution of average velocities. (d) As
enta
exp
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while at the same time, the field of view must match
volume of interest of the sample. Furthermore, long ex
mental times allow the fastest particles to leave the sen
volume of the resonator, which in turn falsifies the displa
ment statistics. A perfect match of the simulations to
experimental setup, taking into consideration the sensi
distribution and edge effects of the resonator, has not
attempted. We believe that one major reason for the dist
and somewhat shortened shape of the sample image c
attributed to imperfect excitation and sensitivity at both ed
of the resonator. It must also be noted that due to the natu
the double phase encoding, the presented sequence is p
larly sensitive toB0 and B1 field inhomogeneities. A furthe
disturbing influence of deviations from laminar flow is brie
addressed below.

It should be noted that an established method to o
information about relations between position and velocit
given by velocity imaging, one realization of which involv
pure phase encoding by a single gradient pulse (k, encoding

osition) followed by a pair of gradient pulses (q, encoding
elocity). The main difference between both methods lie
he fact that velocity imaging attempts to sample the sp
ependent velocity directly and thus relies on short separa
etween thek and q encoding steps. POXSY, on the ot

hand, provides an indirect measure of velocity via the sam

FIG. 13. (a) Average acceleration as a function of the average veloc
velocity ^v z,2& as a function of initial velocityv z,1 (experimental data). (d) A
e
i-
ve
-
e
ty
en
ed
be
s
of
icu-

in
s

in
e-
ns

g

of position information at two successive times, the separ
D representing a further variable which normally is no
interest in a velocity imaging experiment of the type descri

Under conditions identical to those in the POXSY exp
ment described above, we have performed VEXSY ex
ments where the mixing timetm has been varied between
and 43 ms. The full two-dimensional plots ofW2(v z,1, 0; v z,2,
tm) are shown in Figs. 11a–11cfor the experimental and
Figs. 11d–11f for the simulated data. The results can be
derstood as follows: the diagonalv z,1 5 v z,2 represents part-
cles which have not changed their velocity considerably du
tm. As even for the longest mixing time of 43 ms, the
displacement for self-diffusion is on the order of 15mm and
therefore much smaller than the pipe diameters; a chan
velocities is mostly brought about by crossing the regio
variable tube radius and not by radial diffusion. The diag
v z,1 5 v z,2 is therefore produced by those particles that h
remained in either the wide or the narrow cylindrical portio
the sample. With increasing mixing time, those particles
possess the highest velocities att 5 0 have disappeared fro
the sensitive volume of the resonator so that the highes
locities do not occur anymore along thev z,1 axis, and th
diagonalv z,1 5 v z,2 appears shortened. A second ridge, w
appears to the upper left end of the plot, stems from par
that have not changed their relative radial distancer /r 0 and

n the confusor (experimental data). (b) As in (a) but for simulated data. (
n (c) but for simulated data.
ity i
s i
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179TWO-DIMENSIONAL PFG NMR
therefore experience a velocity change to (5.1/3.5)5 2.1
times their starting value. The curved left part in the VEX
plot is produced by those particles that have not fully cro
the transition regime and therefore have not experience
full increase in velocity of a factor of 2.1.

The simulations assume that the undisturbed stream
indicated in Fig. 5 represent the true situation. At the veloc
and Reynolds numbers chosen for this experiment, this i
likely to be the case; the presence of regions with nonlam
flow or vortices cannot be excluded. The deviation of
secondary ridge from a straight line in the experimental
might be the consequence of these imperfections. Moreo
well-pronounced ridge at largev z,2 appears in the experimen
data, which follows the approximate relationv z,2 5 0.75 v z,1

1 const and which becomes more evident with increa
mixing time.

In Fig. 12, the projections onto the diagonals for the VEX
data are presented. The secondary diagonal (Figs. 12a an
gives a measure for the change of velocities during this m
time tm. Given that the largest acceleration is experienced
by those particles that cross the conical part of the con
while flowing near the center of the tube, this maxim
acceleration is found to occur with a small relative probab
while the majority of the particles encounter only small ve
ity changes. The occurrence of a strong peak around 1502

in the experimental data reflects the secondary ridge in
two-dimensional VEXSY plot mentioned above and possib
a consequence of nonlaminar flow conditions in the confu

The distribution of average velocities, as shown by pro
tions onto the main diagonal (Figs. 12c and 12d), is domin
by a decrease of the probability of high velocities tow
increasingtm, again a consequence of the outflow effec

ualitative agreement between experiment and simulatio
e found.
In analogy to the analysis discussed for the POXSY ex

ment, the correlation between velocity change (correspon
o average acceleration averaged overtm) and average veloci
is demonstrated in Figs. 13a and 13b. Generally, large v
ities are correlated with large average accelerations be
only fast particles are able to cross the conical portion o
confusor withintm and therefore experience a large chang
velocity. This is not the case for the fastest particles within
narrow cylinder as their velocity remains essentially cons
and they are most likely to leave the resonator with increa
mixing time.

The second correlation that can be computed from the
time functionW2(v z,1, 0; v z,2, tm) describes the average vel-
ity ^v z,2& at timetm as a function of the initial velocity,v z,1. In
Figs. 13c and 13d, experimental and simulated data
correspond qualitatively, with deviations occurring mainly
high velocities. As expected,^v z,2& . v z,1 with the difference
increasing withtm and toward larger values ofv z,1. This ob-
servation is in accordance with the correlation observed
tween acceleration and average velocity, but the time av
d
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is now replaced by an ensemble average so that both info
tions can be regarded as being complementary.

In summary, the results obtained from two-dimensio
POXSY and VEXSY experiments can qualitatively be re
duced with simple numerical simulations, which make it p
sible to explain the main features of the relationships o
measured quantities’ position, velocity, and acceleration.
viations between experiment and simulation indicate the
sensitivity of the data to the flow processes in the ch
geometry. Even taking the experimental restrictions discu
above into account, these differences cannot fully be attrib
to experimental errors but rather are due to the simplicity o
model or the deviations of the actual experimental condi
from those used for performing the simulations. In particu
the assumption of laminar flow within the confusor as outl
above cannot be expected to reflect the real situation.

For more complicated situations, such as flow through c
plex geometries like narrow blood vessels and porous m
where simple simulations might not be readily available,
experimental methods and their interpretation with respe
correlations that have been presented in this work might
resent a valuable tool for the understanding of flow proce
in applications of technical and biomedical importance.
extension toward higher order time derivatives of mo
seems feasible, as well as a generalization including more
two encoding steps. In all applications, some care mus
taken in order to avoid misinterpretations of the obta
quantities; e.g., the computation of velocity or accelera
from statistical processes such as random self-diffusio
dispersion in fluid flow through porous media might not be
appropriate description of the problem.

CONCLUSIONS

We have presented a generalized approach to understa
explain basic NMR experiments to encode position, velo
and acceleration. A pulsed field gradient experiment consi
of two gradient pulses encodes position at two different t
and thus can be expressed as a means of performing po
exchange spectroscopy. The two-dimensional data set c
transformed into a coordinate frame which correlates e
positions at the times of the gradient pulses or position
velocity, both averaged over the experimental time. Likew
an experiment employing two gradient pulse pairs (VEX
translates into a correlation of initial and final velocity,
velocity with acceleration. One-dimensional versions of
presented experiments can be understood as projection
the diagonals of the 2D spaces, thus reducing the experim
time at the expense of an information loss about the correl
phenomena. Both techniques were applied to the flow of w
through simple geometries (straight cylindrical pipe, and
rowing cylindrical pipe or confusor), and the two-time pro
bility densities of position (W2( z1, 0; z2, D)) and velocity
(W2(v z,1, 0; v z,2, tm)) as well as the one-dimensional distri-
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180 HAN, STAPF, AND BLÜMICH
tion functions and correlations derived from them were c
pared to numerical simulations performed assuming ideal
inar conditions. The experiments demonstrate the feasibil
monitor exchange processes of position, velocity, and pe
higher order time moments in the Taylor expansion of mo
and of the subsequent analysis process to visualize correl
between different measured quantities. The statistical rela
between these quantities are suitable means to describ
and dispersion processes in more complex geometries
allow applications to systems as diverse as chromatogr
columns, porous rocks, and soils as well as capillary struc
in plants and in mammal blood vessels. The possibilit
steppingk space orq space at will at two or more separa
imes bears the potential to extend the conventional conce
maging and propagator analysis toward more flexible co
ations of multidimensional spatio-temporal-encoding t
iques. The experiments and coordinate system present
uggested in this paper represent one possible realizatio
his generalized approach of PFG NMR techniques.
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